The finite temperature gluon self-energy in SU(N) gauge theories is shown to be exactly transverse in general covariant gauges. The result is obtained by using Wilson Renormalization Group techniques and is valid non-perturbatively.
Non-Abelian gauge theories at finite temperature have been the subject of intense research in recent years. The main physical motivation for these studies is the investigation of the properties of the quark-gluon plasma in QCD, of the electroweak phase transition, and of the symmetric phase in the standard model. It has been recognized very early that the application of perturbation theory to these systems is severely limited by infrared problems [1] . Non-perturbative methods, based on the resummation of leading infrared singularities, on Schwinger-Dyson equations, and on the Wilson Renormalization Group (RG), have been proposed. A feature common to all these approaches is the replacement of the tree-level gluon propagator with a "resummed" one, with a milder infrared behaviour. In particular in Schwinger-Dyson and RG approaches, the full propagator appears. The knowledge of the general features of this object is then a necessary guide in the formulation of approximation schemes.
In this letter we will concentrate on the transversality of the full self-energy of the SU(N) vector boson in covariant gauges. At zero temperature it is well known that a Slavnov-Taylor (ST) identity and Lorentz invariance imply that the self-energy is transverse. At finite temperature (T = 0), Lorentz invariance is broken by the thermal bath, and the ST identity alone is not sufficient to constrain the self-energy to be transverse. As a consequence, non-transverse thermal contributions can in principle be generated [2] . A one-loop computation shows that the self-energy is still transverse at that level [3] . To our knowledge, no information is available beyond that order.
In the following we prove that the full gluon self-energy is indeed exactly transverse. The proof is based on the RG approach to finite-temperature gauge theories formulated in refs. [4, 5] , which will be denoted by TRG (Thermal Renormalization Group) in the following. In this approach, exact evolution equations for the Green functions can be derived, describing the interpolation between the fully renormalized quantum field theory at T = 0 and the equilibrium theory at T = 0.
The line of the proof is quite simple. The most general self-energy is parametrized by three independent scalar functions, one of which, denoted by Π C , measures the deviation from transversality. We will show that the plane Π C = 0 in functional space is indeed an exact fixed plane in the RG evolution equations. Then, since the initial conditions of the RG running are given by the T = 0 theory, which lies on the same plane, no non-transverse part is ever generated, and the full T = 0 self-energy is therefore transverse.
The proof is based on the application of ST identities and equations of motion for the full propagators and vertices appearing in the evolution equation of the self-energy. The TRG has the remarkable property of being gauge-invariant, in the sense that the coarse-grained Green functions satisfy the same ST identities as those of the T = 0 four-dimensional theory [5] . The form of the ST identities is independent on the value of the flowing parameter, the infrared cut-off Λ. The existence of the fixed plane Π C = 0 of the TRG running can then be established in a clean way, without any approximation. This is an exact, non-perturbative result.
The starting point is the ST identity for the gluon propagator in a general covariant gauge with gauge parameter ξ = 0 1 ,
This has the same form at T = 0 and at T = 0. To be more precise, in the latter case the propagator assumes a matrix structure in the real-time formalism of finite-temperature field theory, which we will employ in the following. The above ST identity is then the one satisfied by the (1,1) component of the propagator. At T = 0 Lorentz invariance restricts the tensor structures available to construct the full propagator to g µν and q µ q ν /q 2 , so it is straightforward to see that eq. (1) implies
where the self-energy is defined, as usual, as
∆ 0 µν being the tree-level propagator. At finite temperature, Lorentz invariance is broken by the presence of the thermal bath, which introduces a preferred reference frame. Indicating the four-velocity of the thermal bath with u µ , we can now construct four independent second-rank symmetric tensors, instead of the two that we have at T = 0. It is convenient to use the base [2]
where h µ = u µ − (qu)q µ /q 2 . These tensors satisfy the multiplication properties
The most general self-energy compatible with (1) can be parametrized in terms of three independent scalar functions [2] , namely
The two (four-dimensional) transverse tensors A and B are three-dimensional transverse and longitudinal, respectively, i.e. q i A iν = 0, q i B iν = 0. Then Π A and Π B are usually indicated as the "transverse" and "longitudinal" components of the self-energy. The two non-transverse tensors, C and D, are both proportional to Π C . Then Π C = 0 implies that the self-energy is neither transverse nor double-transverse, since
which implies the transversality of the self-energy even at non-zero temperature.
Equation (2) clearly implies
The above relations represent the initial conditions in the TRG running [4, 5] . The TRG is based on a very simple idea: one considers the real-time formulation of finite-temperature field theory and introduces an infrared cut-off Λ on the thermal sector only. Namely, for Λ → +∞ one has the fully renormalized T = 0 quantum field theory. Then, by lowering Λ, high-momentum thermal fluctuations with | k| > Λ are thermalized at the temperature T , the others still being frozen. In the limit Λ → 0 the full thermal theory is recovered.
The interpolation between the T = 0 quantum field theory and the equilibrium theory at T = 0 is described by exact evolution equations in the coarse-graining scale Λ, whose initial conditions at Λ → +∞ are provided by the full theory at T = 0.
Here we do not need the exact expression for the full zero-temperature self-energy, Π T =0
A,B . We only need to know that it is exactly transverse, i.e. that the initial condition lies somewhere in the plane Π C = 0, as is ensured by the second of eqs. (6) . Then, we will show that this plane is indeed an exact fixed plane of the TRG running, and this will complete our proof of the transversality of the full self-energy at T = 0.
The TRG flow enjoys the remarkable property of being gauge-invariant. This implies that the coarse-grained Green functions entering the flow equations satisfy the usual ST identities for any value of the cut-off Λ (see ref. [5] for details and for the derivation of the TRG flow equations). In all our manipulations, no approximation to the exact TRG evolution equations will be performed. The only tools used to study the flow equation for Π C will be the ST identities and the equations of motion.
In order to write down the relevant equations we need the free gluon and ghost propagators in the presence of the infrared cut-off Λ. The TRG formalism can be obtained from the usual equilibrium real-time one [6] , with the replacement
where N(|q 0 |) is the Bose-Einstein distribution function. The 2 × 2 TRG free gluon propagator is then
where
with
and where we introduced the free Feynman propagator
The free TRG ghost propagator is the same as that of a scalar massless particle (apart from an overall minus sign), and is given by
The full propagators are obtained from (8) and (11), by replacing G 0 (q) and G * 0 (q) by the full Feynman propagators with causal and anticausal temporal boundary conditions, respectively. In the following the Λ-dependence will always be understood as well as the gauge group indices. We will denote by µ, ν, ..., and by i, j, ... the Lorentz and real-time indices, respectively.
The full self-energy at T = 0 is obtained by integrating the following TRG flow equation [5] , which can be visualized as in fig. 1 :
where 4 , ∆ and S are the full gauge and ghost propagators, Γ (AAAA) , Γ (AAA) , Γ (AAcc) and Γ (Acc) the four-gluon, three-gluon, gluon-gluon-ghost-antighost and gluon-ghostantighost full 1PI vertices, respectively (in general we will denote a 1PI function by writing explicitly the external fields of the vertex itself), and we defined the gluon and ghost kernels
In eqs. (13) and (14), ρ ρσ (k) and ρ(k) represent the gluon and ghost spectral functions, respectively, defined as the discontinuity of the full propagator along the real axis. In the tree-level approximation, they reduce to simple delta functions. From fig. 1 we see that the recipe to obtain a general TRG equation is simple: take the one-loop expression, substitute the tree-level vertices and propagators with the full ones, apart from a propagator, which is replaced by the corresponding kernel.
The flow equation for the "non-transverse" part of Σ µν , eq. (5), is obtained from (12). For convenience we write it in the form
The functional dependence of F ν on Π C comes both from the full gluon propagator and from the full vertices, which are connected to the former via ST identities. In the remaining part of this letter we show that
From eqs. (15) and (12) we see that in F ν contractions between the external momentum q µ and the full vertices appear. Equations of motion and ST identities can be used in order to transform these contractions and show that cancellations occur between the various terms in F ν [Π C = 0]. The relevant equations of motion are obtained by derivation of the master equation [7] iq µ δΓ δw µ,i (−q) + δΓ δc i (−q) = 0 .
The ST identities are generated by the relation
where w µ and v are the sources for the BRS variations of the gluon A µ and the ghost c,
, and H = diag(1, −1) is the usual real-time metric tensor. Deriving (17) with respect to the fields, the ST identities are found. Apart from the matrix structure, eqs. (16) and (17) are completely analogous to the ones obtained at T = 0.
In the ST identities for the vertices, the Green function Γ (wc) µ,ij (q) appears. By standard manipulations it can be expressed as
where use has been made of the ST identity for the propagator. Setting Π C = 0, the nontransverse part of the full propagator is completely fixed by eq. (1), and it is the same as for the tree-level propagator in eq. (8), i.e.
The function Γ (wc) µ,ij (q) is then proportional to q µ only, and not to u µ :
This leads to a considerable simplification in the relevant ST identities. The application of the equations of motion and ST identities requires a lengthy but straightforward and not particularly illuminating computation. As a result, F ν [Π C = 0] can be written as the sum of three terms,
and F ghost ν
[Π C ] is the contribution coming from the ghost-loops (i.e. the last three lines of eq. (12)), which has not been manipulated. In eqs. (22) and (23) the kernel
appears, where the δ-function has to be interpreted, as usual, as the regularized expression
. By using eq. (20) and the equation of motion for the inverse of the ghost propagator, obtained from eq. (16), the full Feynman ghost propagator is found to have the form
Using (25) in (20), we find Z ij (k) = Z(k)H ij , which then implies thatK lm (k) is equal to the ghost kernel of eq. (14),K
and then
Equation ( 
This completes the proof. In conclusion we have shown that, in a general covariant gauge, thermal effects do not give any contribution to the non-transverse part of the gluon self-energy, which then remains transverse, as it is at zero temperature. No approximation to the exact TRG evolution equation, such as derivative expansion or truncations, has been performed.
The result holds in the Bernard-Hata-Kugo formulation of real-time thermal field theories [8] , where unphysical gluon polarizations and Fadeev-Popov ghosts are thermalized and contribute to the thermal corrections. The contribution of the thermal effects due to ghosts is indeed crucial in this result, leading to the cancellation in eq. (27). A similar analysis, carried out in the Landshoff-Rebhan formulation of real-time thermal field theories [9] , where unphysical gluon polarizations and ghosts are not thermalized, shows that a non-transverse contribution to the self-energy is indeed generated already at the one-loop level.
Acknowledgements: M. D'A. would like to thank PPARC for financial support. M.P. has been supported by the E.C. under the H.C.M. program. 
